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Elliptic Gaussian Random Fields = Generalities

Gaussian processes

General definitions

Let (X(t) = (Xu(t), ..., Xa(t)), t € RY) a vectorial centered random field.
o . Let 0 < H<1, Xis H Self-Similar if

(X(Mt), t € RY) =10, (AP X(2),t € RY), VA > 0.
@ X is with stationnary increments if
(X(t+ h) — X(h),t € RY) =, (X(t),t € RY),Vh e RY.

@ X is elliptic of degree d + 2H if there exist 0 < ¢ < C < oo such that,

c|x?f < E[X(x)]> < C|x[*",¥x e RY.
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Elliptic Gaussian Random Fields = Generalities

Divergence free vector random fields

Problem

Definition

A d dimensional vector random field is weakly divergence free, if

< X,V¢ >=0 a.s.V regular function ¢ on RY.

Question

|

Is it possible for a vector random field to enjoy self-similarity, stationnarity

of the increments, ellipticity properties, and furthermore to be weakly
divergence free?
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Elliptic Gaussian Random Fields = Generalities

The gaussian situation

Let X be a centered gaussian random field.

Reproducing Kernel Hilbert Space (RKHS)

The covariance R(t,s) = E(X(t)X(s)); t,s € RY generate a RKHS Hy

Hx = sp{(R(t,.)t € R’}

equiped with the scalar product <, >, such that

< R(t,.),R(:5) >y = R(t,5).
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Elliptic Gaussian Random Fields = Generalities

The gaussian situation

Gaussian random fields and orthonormal basis of Hy

Let (®,, n € N) an orthonormal basis of Hx,

<o, b, > Hy = Onm-
Then the centered gaussian process X can be expressed the following way,
X(t) = L, Pn(t)0hn,

for an iid sequence of normal gaussian random variables (6,).
The series is almost surely converging in L?(RY).
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Orthonormal Divergence Free Wavelets = The space L2DF

Orthonormal divergence free wavelets

Divergence free vector space

Let us consider the Hilbert space
L25(RY) = {h € (L2(RY)%|div(h) € L2(RY), div(h) = 0}.

Let ue = é—‘ and IM¢ the hyperplane orthogonal to &, with d(O,MM¢) = 1.

Let's give a measurable function & — (w!(€), ..., w9 1(€), ug) to the
orthonormal bases of RY.

v

Ordinary wavelets Meyer's wavelets

Let (v, e € {0,1}9 — (0, ...,0)) a family of basic wavelets of L2(R9) such
that we get the orthonormal wavelets basis

(Ya(x) 1= 2295 (2x — k), A = (e, ), k): A € A).
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Orthonormal Divergence Free Wavelets ~ Wavelets basis of LZI’JF

Divergence free wavelet basis

Construction of a DF wavelets basis

Let us define the family of vector functions (\Ilf\, b=1,..,d—-1,A€N) by
setting

VR = [ et ds

Lemma

The family (lllf\, b=1,..,d =1, € N)) is an orthonormal basis of
2o(R),

Proof
1) < Wb wh s / < WP(E),67 (€) > DA(E) P (E)dE = Baydrn.

2) <h,w§>:/<l?,wb>w}d£:0V(b,)\):>lA1:0, so h=0.
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Orthonormal Divergence Free Wavelets ~ Wavelets basis of LZI’JF

About divergence free wavelets

o Even if . where with compact support, W2 cant be such.

o A result by P.G. Lemarié state that an orthonormal divergence free
wavelet basis with compact support cannot exists.

o If we want divergence free wavelets with compact support, the only
possibility is to consider bi-orthogonal divergence free wavelets bases
cf (Deriaz, Perrier) for example.
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: . H 2
Gaussian white noise on Ly,

Gaussian white noise on L2 -(RY)

Construction of the white noise on L2 (R?)

Let (9?, b=1,...,d —1, A €N) an iid family of gaussian normal random
variables.

Lemma

The vectorial random distribution

Wpr(x) = 81 EaeaV3(x)03,

is the gaussian white noise on L% (RY).

A,
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Divergence free gaussian random vector fields = Pseudo differential operators and RKHS

Let h, k € L2(RY). We have

h(resp.k) = ZZ;%ZA,GAhi(resp.kf)\Uf’\.

So
E(< Wpe, h >< Wpg, k >) =

3 e / < B(),w® > < Kb > (€)Tn(E)dE =

d—1 biLb
zb,b:1z>\»€/\h)\k,\ =< h,k >L%)F’

thanks to lemma.
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Divergence free gaussian random vector fields = Pseudo differential operators and RKHS

DF Elliptic pseudodifferential operator

Let & — S(ug), S~1(ug) two measurable functions such that for
0<c<(C<x

c < < S(ug)(resp.S7(ue))wP(€),wb(€) > < C,b=1,..,d 1,

S(ue)(resp.S (ue))ug = 0, S(ug)S ™ (ug)w?(€) = wP(€),b=1,..,d — 1.

For 0 < H <1 and 'DF’ matrix functions S, let us define the symbol a(¢)
and the operator A acting on L2 (R9) by setting

a(€) = |E1$ 1S (ue), Ab = / <X a()h(€)de.
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Divergence free gaussian random vector fields = Pseudo differential operators and RKHS

Let us define the Hilbert space Hp,

Hy = {h € L3¢, h(0) = 0 with scalar product < h, k >a=< Ah, Ak >pr}.

NGNS

Proposition

Let the symbols S, S~ be given and satisfying the former properties. For
any f € L%, there exist a unique h € Hp such that

(ei<x,§> _ 1)

h(0) = 0: Ah=f and A—lf:/ 5 (ue)F(€)de.

|2 +H
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Divergence free gaussian random vector fields = Pseudo differential operators and RKHS

RKHS

Let us define the set of functions (Ff\, b=1,..,d —1,\ €N) by setting
7 =AY,

rb = A=1Wb, ro(x) = rb(2ix — k), A = (e, j, k).

’

Proposition

The family (fyf\’, b=1,...,d —1;X € N) is an orthonormal basis of the
Hilbert space Ha. Furthermore

W=2r8b=1,..,d = 1;A = (,j, k).
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Divergence free gaussian random vector fields = Representations of divergence free vector gaussian processes

Divergence free self similar vector gaussian processes with

stationary increments

Let S, S~ the above matrix functions and given 0 < H < 1, then let's A
the associated pseudo differential operator.

representations of X

With the above elements, let X a centered vector gaussian process with
RKHS Hyu. Then, if Wpg is the white noise on LQD,_-(]R"), X is expressed by

el<x,§> "
0= [ s wiior(de)

g5+
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Divergence free gaussian random vector fields = Representations of divergence free vector gaussian processes

Divergence free self similar vector gaussian processes with

stationary increments

Series decomposition

Under the former hypotheses, the vector gaussian process X admits the
divergence free adapted wavelets series decomposition

X(x) = Z91T a2 TR ()68,

for a iid sequence (02, b =1,..,d — 1, \ € N) of gaussian normal random
variables.

The series almost surely, uniformly comverges on every compact.
X is weakly divergence free, H self similar, with stationnary increments.
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Divergence free gaussian random vector fields = Representations of divergence free vector gaussian processes

Simulating divergence free self similar vector gaussian

processes

o The (72)’s are with R? as support.

@ There is no reason to find orthonormal bases of Hy with compact
support.

o The fact that the (6%)’s are iid is very interesting. This gives hope to
obtain a fast simulation algorithm of divergence free gaussian vectors
fields.

@ What is to be relaxed in order to solve our simulation problem ?
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Divergence free gaussian random vector fields = Representations of divergence free vector gaussian processes

Simulating divergence free self similar vector gaussian

processes

@ Mimicking the Lévy decomposition of the brownian motion.

@ So we must find an alternative to the fyf's, with compact support such
that supp'yf = 1 1.

@ This exlclude the Deriaz Perrier divergence free basis.

@ We shall begin in considering the Sutter proposition.
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Divergence free gaussian random vector fields = Representations of divergence free vector gaussian processes
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Divergence free gaussian random vector fields = Representations of divergence free vector gaussian processes

Sutter proposition

Let D = (Djj;i,j =1,..,d) the following matrix operator

Dii = A — 8% D; = —5,9;.
Let ¢ such that suppp = [—1,1]9. Let us set

(¢i(x)) = Dep(x).

Lemma
Va € RY, div(¢(x)a) = 0.

The challenge is, from the matrix function ¢, to built another matrix
function ®(x) such that, if ®5(x) = ®(2x — k), then

C/osureL%)F[sp{¢,\(.)a)\,)\ € N ay e R} =13

Such a ® is said with completion property.
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Divergence free gaussian random vector fields = Representations of divergence free vector gaussian processes

Simulating divergence free self similar vector gaussian

processes

For 0 < H < 1, given a iid family (6, A € A) of centered normal gaussian

vectors with covariance Iy, let us define the divergence free gaussian vector
process Y by setting

Y(X) = Z)\e/\2_jH¢)\(X)(9)\.

The next result is a partial justification of the proposition of simulation.

Proposition

If for any z € R9,in the limiting set of laws

Y(z+rx)—Y(z
( +r2’ ()},

{Ll'm,_)o

there exists a constant 'fiber’, then ® enjoy the completion property.
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