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Elliptic Gaussian Random Fields Generalities

Gaussian processes

General de�nitions

De�nition

Let (X (t) = (X1(t), ...,Xd (t)), t ∈ Rd ) a vectorial centered random �eld.

. Let 0 < H < 1, X is H Self-Similar if

(X (λt), t ∈ Rd ) =Law (λHX (t), t ∈ Rd ), ∀λ > 0.

X is with stationnary increments if

(X (t + h)− X (h), t ∈ Rd ) =Law (X (t), t ∈ Rd ),∀h ∈ Rd .

X is elliptic of degree d + 2H if there exist 0 < c ≤ C <∞ such that,

c|x |2H ≤ E|X (x)|2 ≤ C |x |2H , ∀x ∈ Rd .
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Elliptic Gaussian Random Fields Generalities

Divergence free vector random �elds

Problem

De�nition

A d dimensional vector random �eld is weakly divergence free, if

< X ,∇ϕ >= 0 a.s.∀ regular function ϕ on Rd .

Question

Is it possible for a vector random �eld to enjoy self-similarity, stationnarity
of the increments, ellipticity properties, and furthermore to be weakly
divergence free ?
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Elliptic Gaussian Random Fields Generalities

The gaussian situation

Let X be a centered gaussian random �eld.

Reproducing Kernel Hilbert Space (RKHS)

The covariance R(t, s) = E(X (t)X (s)); t, s ∈ Rd generate a RKHS HX

HX = sp{(R(t, .)t ∈ Rd},

equiped with the scalar product <,>HX such that

< R(t, .),R(.s) >HX = R(t, s).
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Elliptic Gaussian Random Fields Generalities

The gaussian situation

Gaussian random �elds and orthonormal basis of HX

Let (Φn, n ∈ N) an orthonormal basis of HX ,

< Φn,Φm >HX = δnm.

Then the centered gaussian process X can be expressed the following way,

X (t) = ΣnΦn(t)θn,

for an iid sequence of normal gaussian random variables (θn).
The series is almost surely converging in L2(Rd ).
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Orthonormal Divergence Free Wavelets The space L2
DF

Orthonormal divergence free wavelets

Divergence free vector space

Let us consider the Hilbert space

L2FD(Rd ) = {h ∈ (L2(Rd )d |div(h) ∈ L2(Rd ), div(h) = 0}.

Let uξ = ξ
|ξ| and Πξ the hyperplane orthogonal to ξ, with d(O,Πξ) = 1.

Let's give a measurable function ξ → (ω1(ξ), ..., ωd−1(ξ), uξ) to the
orthonormal bases of Rd .

Ordinary wavelets Meyer's wavelets

Let (ψε, ε ∈ {0, 1}d − (0, ..., 0)) a family of basic wavelets of L2(Rd ) such
that we get the orthonormal wavelets basis

(ψλ(x) := 2j
d

2ψε(2jx − k), λ = (ε, j , k); λ ∈ Λ).
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Orthonormal Divergence Free Wavelets Wavelets basis of L2
DF

Divergence free wavelet basis

Construction of a DF wavelets basis

Let us de�ne the family of vector functions (Ψb
λ, b = 1, .., d − 1, λ ∈ Λ) by

setting

Ψb
λ(x) =

∫
Rd

e i<x ,ξ>ωb(ξ)ψ̂λ(ξ)dξ.

Lemma

The family (Ψb
λ, b = 1, .., d − 1, λ ∈ Λ)) is an orthonormal basis of

L2FD(Rd ).

Proof

1) < Ψb
λ,Ψ

b′
λ′ >=

∫
< ωb(ξ), ωb

′
(ξ) > ψ̂λ(ξ)ψ̂λ′(ξ)dξ = δbb′δλλ′ .

2) < h,Ψb
λ >=

∫
< ĥ, ωb > ψ̂λdξ = 0 ∀(b, λ)⇒ ĥ = 0, so h = 0.

A.Benassi (LaMP) Divergence Free Self Similar Gaussian Vector Random FieldsAnger 20-25/07/2009 8 / 19



Orthonormal Divergence Free Wavelets Wavelets basis of L2
DF

About divergence free wavelets

Comment

Even if ψε where with compact support, Ψb
ε cant be such.

A result by P.G. Lemarié state that an orthonormal divergence free
wavelet basis with compact support cannot exists.

If we want divergence free wavelets with compact support, the only
possibility is to consider bi-orthogonal divergence free wavelets bases
cf (Deriaz, Perrier) for example.
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Gaussian white noise on L2
DF

Gaussian white noise on L
2

DF
(Rd)

Construction of the white noise on L2DF (Rd)

Let (θbλ, b = 1, ..., d − 1, λ ∈ Λ) an iid family of gaussian normal random
variables.

Lemma

The vectorial random distribution

WDF (x) = Σd−1
b=1

Σλ∈ΛΨb
λ(x)θbλ,

is the gaussian white noise on L2DF (Rd ).
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Divergence free gaussian random vector �elds Pseudo di�erential operators and RKHS

Proof

Let h, k ∈ L2DF (Rd ). We have

h(resp.k) = Σd−1
b=1

Σλ,∈Λh
b
λ(resp.kbλ)Ψb

λ.

So
E(<WDF , h ><WDF , k >) =

Σd−1
b,b′=1

Σλ,λ′∈Λ

∫
< ĥ(ξ), ωb > < k̂ , ωb >ψλ(ξ)ψλ′(ξ)dξ =

Σd−1
b,b=1

Σλ∈Λh
b
λk

b
λ =< h, k >L2

DF

,

thanks to lemma.
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Divergence free gaussian random vector �elds Pseudo di�erential operators and RKHS

DF Elliptic pseudodi�erential operator

Symbol

Let ξ → S(uξ), S
−1(uξ) two measurable functions such that for

0 < c ≤ C <∞

c ≤ < S(uξ)(resp.S−1(uξ))ωb(ξ), ωb(ξ) > ≤ C , b = 1, .., d − 1,

S(uξ)(resp.S−1(uξ))uξ = 0, S(uξ)S
−1(uξ)ω

b(ξ) = ωb(ξ), b = 1, .., d − 1.

For 0 < H < 1 and 'DF' matrix functions S , let us de�ne the symbol a(ξ)
and the operator A acting on L2DF (Rd ) by setting

a(ξ) = |ξ|
d

2
+HS(uξ), Ah =

∫
e i<x ,ξ>a(ξ)ĥ(ξ)dξ.
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Divergence free gaussian random vector �elds Pseudo di�erential operators and RKHS

Let us de�ne the Hilbert space HA,

HA = {h ∈ L2DF , h(0) = 0 with scalar product < h, k >A=< Ah,Ak >DF}.

RKHS

Proposition

Let the symbols S , S−1 be given and satisfying the former properties. For

any f ∈ L2DF , there exist a unique h ∈ HA such that

h(0) = 0; Ah = f and A−1f =

∫
(e i<x ,ξ> − 1)

|ξ|
d

2
+H

S−1(uξ)f̂ (ξ)dξ.
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Divergence free gaussian random vector �elds Pseudo di�erential operators and RKHS

RKHS

Let us de�ne the set of functions (Γbλ, b = 1, .., d − 1, λ ∈ Λ) by setting

γbλ = A−1Ψb
λ,

Γbε = A−1Ψb
ε , Γbλ(x) = Γbε (2jx − k), λ = (ε, j , k).

Basis

Proposition

The family (γbλ, b = 1, .., d − 1;λ ∈ Λ) is an orthonormal basis of the

Hilbert space HA. Furthermore

γbλ = 2−jHΓbλ, b = 1, .., d − 1;λ = (ε, j , k).
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Divergence free gaussian random vector �elds Representations of divergence free vector gaussian processes

Divergence free self similar vector gaussian processes with

stationary increments

Let S , S−1 the above matrix functions and given 0 < H < 1, then let's A
the associated pseudo di�erential operator.

representations of X

Theorem

With the above elements, let X a centered vector gaussian process with

RKHS HA. Then, if WDF is the white noise on L2DF (Rd ), X is expressed by

X (x) =

∫
(e i<x ,ξ> − 1)

|ξ|
d

2
+H

S−1(uξ)ŴDF (dξ).
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Divergence free gaussian random vector �elds Representations of divergence free vector gaussian processes

Divergence free self similar vector gaussian processes with

stationary increments

Series decomposition

Theorem

Under the former hypotheses, the vector gaussian process X admits the

divergence free adapted wavelets series decomposition

X (x) = Σd−1
b=1

Σλ∈Λ2
−jHΓbλ(x)θbλ,

for a iid sequence (θbλ, b = 1, .., d − 1, λ ∈ Λ) of gaussian normal random

variables.

The series almost surely, uniformly comverges on every compact.

X is weakly divergence free, H self similar, with stationnary increments.
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Divergence free gaussian random vector �elds Representations of divergence free vector gaussian processes

Simulating divergence free self similar vector gaussian

processes

Problems

The (γbλ)'s are with Rd as support.

There is no reason to �nd orthonormal bases of HA with compact
support.

The fact that the (θbλ)'s are iid is very interesting. This gives hope to
obtain a fast simulation algorithm of divergence free gaussian vectors
�elds.

What is to be relaxed in order to solve our simulation problem ?

A.Benassi (LaMP) Divergence Free Self Similar Gaussian Vector Random FieldsAnger 20-25/07/2009 16 / 19



Divergence free gaussian random vector �elds Representations of divergence free vector gaussian processes

Simulating divergence free self similar vector gaussian

processes

Solution

Mimicking the Lévy decomposition of the brownian motion.

So we must �nd an alternative to the γbλ's, with compact support such
that suppγbλ = [−1, 1]d .

This exlclude the Deriaz Perrier divergence free basis.

We shall begin in considering the Sutter proposition.
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Divergence free gaussian random vector �elds Representations of divergence free vector gaussian processes
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Divergence free gaussian random vector �elds Representations of divergence free vector gaussian processes

Sutter proposition

Let D = (Dij ; i , j = 1, .., d) the following matrix operator

Dii = ∆− ∂2i ; Dij = −∂i∂j .

Let ϕ such that suppϕ = [−1, 1]d . Let us set

(φij(x)) = Dϕ(x).

Lemma

∀a ∈ Rd , div(φ(x)a) = 0.

The challenge is, from the matrix function φ, to built another matrix

function Φ(x) such that, if Φλ(x) = Φ(2jx − k), then

ClosureL2
DF

[sp{Φλ(.)aλ, λ ∈ Λ, aλ ∈ Rd}] = L2DF .

Such a Φ is said with completion property.
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Divergence free gaussian random vector �elds Representations of divergence free vector gaussian processes

Simulating divergence free self similar vector gaussian

processes

For 0 < H < 1, given a iid family (θλ, λ ∈ Λ) of centered normal gaussian
vectors with covariance Id , let us de�ne the divergence free gaussian vector
process Y by setting

Y (x) = Σλ∈Λ2
−jHΦλ(x)θλ.

The next result is a partial justi�cation of the proposition of simulation.

Proposition

If for any z ∈ Rd ,in the limiting set of laws

{Limr→0

Y (z + rx)− Y (z)

rH
},

there exists a constant '�ber', then Φ enjoy the completion property.
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